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Nonlinear Forced Vibration of Orthotropic Rectangular Plates
Using the Method of Multiple Scales

Habib Eslami* and Osama A. Kandilf
Old Dominion University, Norfolk, Virginia

The method of multiple scales (MMS) in conjunction with the Galerkin method is used to analyze the
nonlinear forced and damped response of a rectangular Orthotropic plate subjected to a uniformly distributed
harmonic transverse loading. The effects of damping and in-plane loads are considered. The analysis considers
simply supported as well as clamped plates. For each case, both movable and immovable edge conditions are
considered. By using MMS, all possible resonances such as primary, subharmonic, and superharmonic reso-
nances are studied. For the undamped response without in-plane loading, comparisons of the MMS results with
those obtained by the finite-element method show excellent agreement.

Introduction

DEVELOPMENT of composite materials comprising lam-
inates of Orthotropic or multilayered anisotropic materi-

als Recently has been receiving substantially growing research
efforts. Due to the increasing demands for energy-efficient,
high strength, minimum weight aircraft designs, many re-
searchers believe that the use of composite materials offers
promising alternatives for aircraft designs. Thin, laminated,
composite plates subjected to transverse periodic loadings
could encounter deflections of the order of plate thickness or
even higher. Responses of this kind cannot be predicted by
using the linear theory. Consequently, the need to study large-
amplitude-deflection vibrations of composite structures is of
paramount importance.

The literature survey shows that the equations of motion for
the large deflection analysis of heterogeneous anisotropic
plates using the von Karman geometrical nonlinearity were
first considered by Whitney and Leissa.1 Based on these equa-
tions, different methods of analysis have been developed by
several researchers. An excellent number of collections on
nonlinear free and forced vibrations of composite plates cov-
ering the work through 1979 can be found in the comprehen-
sive book by Chia.2 Bert3 has conducted a survey on the
dynamics of composite plates for the period 1979-81. A re-
view of the literature on nonlinear vibrations of plates can be
found in the review paper by Sathyamoorthy4 and the book by
Nayfeh and Mook.5

Large deflection analysis of symmetrically laminated rec-
tangular plates subjected to transverse harmonic loading is
studied by Gray et al.6 using the Galerkin method. Mei and
Chiang7 used a finite-element method to analyze the nonlinear
forced vibration of symmetrically laminated rectangular
plates. Later, Wentz et al.8 applied the finite-element method
to study the forced vibration response of generally laminated
rectangular plates. To the best of our knowledge, the effects
of damping and in-plane loadings in the large-deflection vibra-
tion of Orthotropic plates have been neglected in the literature.

The purpose of the present paper is to study the nonlinear
vibrations of rectangular Orthotropic plates including the ef-
fects of damping and initial in-plane loadings. The governing
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equations of motion are presented in terms of the lateral
displacement and stress function. The equations are nondi-
mensionalized following the transformation introduced by
Brunelle and Oyibo.9 Though multimode analysis can be
treated, the present study is focused on single-mode analysis.
A deflection function representing the first mode and satisfy-
ing the boundary conditions is assumed, and subsequently the
stress function is found. Next, the Galerkin method is applied
to obtain the modal equation, which is solved analytically by
using the method of multiple scales (MMS).10 The MMS also
provides solutions for subharmonic and superharmonic reso-
nances. The effects of damping ratio, plate aspect ratio, and
in-plane loading then are studied.

Formulation
Governing Equations

Using the von Karman large-deflection analysis and the
classical stress-strain relations for a rectangular Orthotropic
plate,6'11 including the damping force and the applied in-plane
loads, the following differential equations are obtained

L(W, *) - PhW+ DnW>x 2(Dn

2̂*2

- WtxxW,y

(1)

(2)

where W is the panel deflection, p the density, h the plate
thickness, Nx and Ny the applied in-plane loads, $ the Airy
stress function, A*j and Dfj the extensional and bending stiff-
nesses, and P(t) the external excitations. For a uniformly
distributed loading, P(t) is assumed to be P0 cosotf. To solve
Eqs. (1) and (2), a complete set of boundary conditions must
be specified. The cases of boundary conditions considered
here are either all edges are simply supported or all edges are
clamped. The edge conditions considered are for both mov-
able and immovable edges. For movable edges, the in-plane
boundary conditions are

at* = 0, a:

at y = 0, b:

= 0, 1 $9yydy = 0

= 0,

(3a)

(3b)
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where a and b are the plate dimensions. For immovable edges,
the in-plane boundary conditions are

at x = 0, a:

at>> =0, b:

o o 2 '

(4a)

(4b)

Introducing the following transformation for the variables

7-nai

F= (5)

where a0 = (D22/Dn)l/4a and b0 = b, Eqs. (1) and (2) are trans-
formed to the following nondimensional form

L(w,F) = w,TT + Cw,T + 2D*r§w9^1fn + roW^^

F,n + Nj) w,K + (F,« + ̂ ) w,w

~/Mr) = 0 (6)

where

C = ga2/(phD22)V (8)

Method of Solution
The Galerkin method is employed to transform Eqs. (6) and

(7) into an ordinary, nonlinear differential equation. The de-
flection function w for a single-mode solution is chosen as

in which <£(£,rj) is the admissible function that satisfies the
boundary conditions. Equation (9) is substituted into Eq. (7)
and the solution for the resulting linear partial differential
equation in terms of F can be written as

17 ft ~* ~-\ T?h (t- —\ _i Z7P /"£ ,.„ ~\ (\(\\•* vsj^?*' / — - * vs 9^I>T) ~r r V s > ' 7 > ' / v-*-"/

where Fh is the homogeneous solution that includes the contri-
bution from the in-plane stresses independent of deflection,
and Fp is the particular solution that includes the contribution
from the out-of-plane boundary conditions. The homoge-
neous solution is determined by using the in-plane boundary
conditions given by Eqs. (3) and (4) and may be assumed as

^ - ¥

For movable-edge conditions, it can be shown that

and therefore

(11)

= TV, = 0

For immovable-edge conditions, the constants N^ and
determined by using the nondimensional form of Eqs. (4)

(12)

are

at £ = 0, 1:

dij = 0 (13a)

at r/ = 0, 1:

,{, = 0,

Substitution of Eq. (11) into Eqs. (13) leads to

dr, = 0

where

(13b)

(14a)

(14b)

(15a)

(15b)

(15c)

The particular solution Fp can be determined mathematical'
by imposing Eq. (9) into Eq. (7). This is shown in Ref. 13.

The total solution for F and the expression for w from Eq.
(9) then are substituted into Eq. (6). By making use of the
admissible function as a weighted function and setting the
weighted residual equal to zero,

1 1
o. o

(16)

the following nonlinear ordinary differential equation is ob-
tained

= P(r) (17)

where a>0 and B are defined for both simply supported and
clamped plates, and P is defined as

(18a)

(18b)

J o j o

and P is assumed to be

P = PO COSOJT

As can be seen in Eq. (17), the damping factor also is taken
into consideration due to its significant effect on the response
of structures. Generally, the damping ratio £ for composite
panels used in aircraft structures ranges from 0.005-0.05.

Application of the Method of Multiple Scales
Before carrying out the analysis using the method of multi-

ple scales, Eq. (17) can be further simplified by using the
following transformation

t = OJOT, q = (h/a)q

Using this into Eq. (17), we obtain

q,tt + 2e/*§,, + q + eq3 = F cosvt

in which

u = f/c, F =

(19)

(20)

(21)

It is to be noted that e is a dimensionless small quantity.
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A straightforward-expansion solution of Eq. (20) gives sec-
ular terms and small-divisor terms. The small-divisor terms
occur when v « 1 (primary resonance) and when v « 0, 1A, or
3 (secondary resonances). The MMS is a powerful and system-
atic method in producing an approximate analytical solution
to Eq. (20) that is free of secular and small-divisor terms. In
the next subsections, we treat the primary and secondary
resonances separately by using the method of multiple scales.

Primary Resonance (v « 1)
In order to prevent the small-divisor terms near v « 1 in the

straightforward expansion, the forcing term is ordered as
FQ = ef. Equation (20) then is written as

q,tt + 2enQ,t + q + eq3 = e/cos^ (22)

To determine an approximate solution to Eq. (22), the time
scales Tn = ent are introduced so that derivatives are trans-
formed as

d
— = A)

d2

(23a)

(23b)

where Dn = d/dTn. The following approximate solution to Eq.
(22) is sought

(24)

Substituting Eq. (24) into Eq. (22) and equating coefficients of
like powers of e, we obtain

+ q0 = 0

The solution to Eq. (25) may be expressed as

(25)

(26)

(27)

Substitution of Eq. (27) into Eq. (26) gives

£>fa\ + Qi= ~(2iA ' + 2ifjiA + 3A2A) eiTo
To + i/2/e^o + c.c. (28)

where c.c refers to the complex conjugate of the terms on the
right side of Eq. (28). The closeness of v to 1 can be defined by
the following equation

(29a)

(29b)

where a is a detuning parameter. Substitution of Eq. (29b) into
Eq. (28) gives

v — 1 + ea

vT0 = TQ +

= ~(2iA ' + 2i^A + 3A 2A

c.c (30)

Elimination of secular terms from Eq. (30) yields the equation
governing the complex amplitude of q0

2iA ' + 2iiiA + 3A2A- Y2feiaTi = 0 (31)

where A is expressed in the polar form as

A = l/2a(Ti) eifi(Ti> (32)

Substituting this into Eq. (31) and separating real and imagi-
nary parts yields

a' + \ia - Vi / sin(ar! - 0) = 0 (33)

a 13' - (3/8) a3 + Vi / cos(ajTi - 0) = 0 (34)

Next, we let

T = a T, - /3 (35a)

and differentiate the result to express (3' as

/3'=a-y' (35b)

Substitution of Eqs. (35a) and (35b) into Eqs. (33) and (34)
gives

a ' + \ia - Vif sin7 = 0 (36)

ay' - ao + (3/8) a3 - lAf cosy = 0 (37)

For the steady-state solution a' = y' = 0, the following equa-
tion can be obtained for the frequency response

H2a2 + a2 [a - (3/8)a2]2 = 1/4/2 (38)

Once a is known, the solution for q is given by

q = a cos(otf — 7) + 0(e) (39)

Secondary Resonances (v away from 1)
When v is away from 1, small divisors appear to 0(e) and the

forcing function need not be ordered. Again seeking an ap-
proximate solution like Eq. (24), one obtains two cases for
secondary resonances (details are given in Ref. 13):

1. Subharmonic Resonance, v ~ 3
In this case, the frequency-response equation is given by

9 ^a2 + [a - 9H2 - (9/8)a2]2a2 = (81/16)*4//2 (40a)

where

H = F/2(l - v2) (40b)

The solution for q is

(v Aq = a cosl -t - - 1 + 2H cosvt + 0(e) (41)

2. Superharmonic Resonance, v ~ 1/3
In this case, the frequency-response equation is given by

H2a2 + [a - 3H2 - (3/8)02]2fl2 = H6

and the solution for q is

q = a cos(3^ - y) + 2H cosvt + 0(e)

where

(42)

(43)

(44)

Results and Discussion
The MMS is used to study the nonlinear damped response

of rectangular, specially orthotropic plates subjected to uni-
form harmonic excitations. The results presented here are for
the prebuckling ranges of the in-plane loads given in Ref. 9.
The results cover two cases of boundary conditions: simply
supported and clamped. Movable and immovable-edge condi-
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Fig. 1 Comparison of the MMS with FEM for an isotropic plate.

S I M P L Y S U P P O R T E D

CROSS-PLY (0,90,0)

r = 1. , 5s 0

- M.M.S.

O R E F . 7 po=P-1

PO = F0/ u>?

0-8

Fig. 2 Comparison of the MMS with FEM for a cross-ply laminated
plate.
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Fig. 3 Effect of the forcing amplitude on primary response and
comparison with HBM.
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Fig. 4 Effect of the damping on primary response.
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Fig. 5 Effect of the damping on primary response.

dons also are considered. The material considered in the com-
putations of orthotropic plates is Boron-Epoxy with the fol-
lowing properties: E{ = 17 x 106psi, Ez = \.l x 106 psi, G12 =
0.68 x 106 psi, and vn = 0.3.

Comparisons With the FEM and HBM
The results corresponding to isotropic and Graphite-Epoxy

materials used in Refs. 12 and 7 through the finite-element
method (FEM) are used here for comparison with the present
results (using the same material properties as in Refs. 12 and
7). In Figs. 1 and 2, we show the frequency response curves for
a simply supported plate as obtained by the MMS and the
comparison with those computed by the FEM.12'7 These re-
sults are for cases without damping or in-plane deformations
and inertia. Figure 1 shows the comparison for an isotropic
square plate whereas Fig. 2 shows the comparison for a three-
layered cross-ply (0 deg, 90 deg, 0 deg) laminated square plate.
Obviously, the MMS results are in excellent agreement with
the FEM results. Next, we show comparisons of the frequency
response curves for an orthotropic plate using the MMS and
the harmonic balance method (HBM), Fig. 3. The HBM re-
sults also are developed by the authors.
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Fig. 6 Comparison of movable and immovable edges for primary
response.
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Fig. 7 Effect of in-plane loadings on primary response.
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Fig. 9 Effect of aspect ratio on primary response.
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Fig. 8 Effect of aspect ratio on primary response.

10

Fig. 10 Typical subharmonic response.

Single Mode Response
Using the first mode solution, we show the effects of differ-

ent parameters on the primary response. Also, we show typical
subharmonic and superharmonic responses.

Figures 4 and 5 show the jump phenomena of the primary
response for squared simply supported and clamped plates
associated with different damping ratios. As the value of
damping ratio increases, the peak amplitude decreases.

Figure 6 shows a comparison between the movable and
immovable edge conditions for a square simply supported
plate associated with a fixed damping ratio. With movable-
edge condition, the nonlinearity is significantly decreased.

Figure 7 shows the effect of in-plane loads on the primary-
frequency response for a simply supported plate. It is con-
cluded that compressive in-plane loads produce higher ampli-
tudes than those of tensile loads.

Figures 8 and 9 show the effect of aspect ratios on the pri-
mary-frequency response for simply supported and clamped
plates. For high-aspect-ratio plates, the effect of nonlinearity
is stronger than its effect on low-aspect-ratio plates.

Figure 10 and 11 show typical subharmonic responses of
simply supported and clamped plates for different values of
the forcing parameter. It is to be noticed that although the
frequency of the excitation is three times the natural fre-
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Fig. 11 Typical subharmonic response.
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Fig. 12 Typical superharmonic response.
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quency, the response is quite large. This gives the motivation
to study subharmonic responses. It also is noted that there is
no jump phenomenon in this case.

Figures 12 and 13 show typical superharmonic responses of
simply supported and clamped plates for different values of
the forcing parameter. The jump phenomenon is visible for
the simply supported plate with high value of the forcing
parameter. For the clamped plate case, the jump phenomenon
is not visible.

Concluding Remarks
The MMS is used to study large-amplitude response of

specially orthotropic plates subjected to harmonic excitations.
The formulation of the problem is based on the von Karman
type geometrical nonlinearity. The effects of in-plane loads is
also considered in the formulation. A single-mode Galerkin's
method is used to transform the nonlinear coupled partial
differential equations into a Duff ing-type equation. This
equation is solved by the method of multiple scales. Both
simply supported and clamped plates with movable and im-
movable-edge conditions are considered. Comparisons of the
present primary response results with those of the existing
FEM results and the HBM results show excellent agreement,
and they establish confidence and credibility in the present
approach. In fact, the present results for the additional cases
considered serve as benchmarks for future computational
methods. It is concluded that high-aspect ratios, low damping
ratios, and high compressive in-plane loads have unfavorable
effects.
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